RANK OF A MATRIX
Definition of rank of a matrix: The number r is called the rank of matrix A if
(i) Every minor of order (r+1) of A is zero and 
(ii) There exist at least one minor of order r which is non- zero.
Note: 
(1) 
The rank of a matrix A is denoted by .
(2) The rank of a identity (or unit) matrix of order  n  is always equal to  n.
(3) 

The rank of a matrix A is equal to its transpose matrix i.e. = .
(4) The rank of a non-singular matrix of order  n is equal to  n.
(5) The rank of a zero (null) matrix is zero.

For example: (1) Let A= 

Then  |A|= =0

Again  
Thus there exist at least one minor of order 2 of the matrix A which is non zero.


                      = 2
Elementary Row Transformations:
The following three types of operations on the rows of a given matrix are known as elementary row transformations (i.e.  E-row transformation ).
(i) 
Interchanging any two rows of the given matrix (e.g. interchange of ith and jth rows will be denoted by RiRj ).
(ii) 
Multiplying every element of any row of the given matrix by a non-zero number say k (e.g. the multiplying of the ith  row by a non-zero number say k will be denoted by Ri kRi).
(iii) 
Adding a non-zero scalar multiple of the elements of any row to the corresponding elements of another row (e.g. the addition of k times the jth row to the ith row will be denoted by Ri  Ri + kRj ).



Similarly we can have elementary column transformations (i.e. E-column transformation). The corresponding column transformation will be denoted by C, in place of R i.e. CiCj,     Ci kCi,  Ci  Ci + kCj respectively.
Note(1). The rank of a matrix remains unchanged by the application of any of the row (or column) transformation on it.
Elementary Operations: The above six operations (i) three elementary row operations  and(ii) three elementary column operations, are called Elementary Operations.

Definition of Row Equivalent: A matrix A is said to be row equivalent to a matrix B if B can be obtained from A by applying in succession a finite number of elementary row operations on A and we write  .

Definition Column Equivalent: A matrix A is said to be column equivalent to a matrix B if B can be obtained from A by applying in succession a finite number of elementary column operations on A and we write  .
Note. Row- equivalent or Column- equivalent matrices have the same order and the same rank.
Echelon Form of a Matrix: A matrix is said to be in Echelon form if
(i) all the zero rows occur below non-zero rows.
(ii) the number of zero before the first non-zero element in a row is less than the number of such zeros in the next row.
(iii) the first non-zeros element in every non-zero row is 1.
For example, the matrices



                             ,  and 
are in Echelon form.
Important Note:
(i) The number of non-zero rows in the Echelon form of a matrix is the rank of the given matrix.
(ii) A zero matrix and an identity matrix are always in row reduced Echelon form.


Question: Find the rank of the following matrices by reducing it to Echelon form:
(i) 

A=   (ii) 	 A=  
(ii) 
A= 
Solution:
(i) Given that,

A= 


~		(R2R2-2R1)


~		(R1R2)


~		(R1  -1R1)


~		(R24R1)



~		(R2-R2)	
Which is the Echelon form of the given matrix.
Since the number of non-zero row is two, therefore its rank is 2.
(ii) Given that,

A=  



~		(R2R2-3R1 &  R3R3-R1)


~		(R3R3-R2)



~		( R2-R2 )
Which is the Echelon form of the given matrix.
Since the number of non-zero row is two, therefore its rank is 2.
(iii) Given that,


A=   



~		(R2R2+2R1 ; R3R3-R1)





~		(R2R2 ; R3-R3)




~		(R3R3-R2 ; R4R4-R2)

Which is the Echelon form of the given matrix.
Since the number of non-zero row is two, therefore its rank is 2.



[bookmark: _GoBack]Normal Form of a Matrix:
We know that successive application of elementary row operations on a matrix reduce it to the row Echelon form. Now if we apply both elementary row and column operations, we shall get a still simple matrix called normal or canonical form of the matrix.

If we apply successively elementary operations, we can reduce any matrix A of rank   in one of the following forms:




 ,   ,  ,   

	( where  is the identity matrix of order r and O is some row matrix)
All these are known as normal form of  the matrix A.
Note:
(i) If r =0, then A is the normal form if and only if  A = 0.
(ii) 




If A =  or   or  or    then =r.
(iii) 

If A is an  matrix of rank r, then A is equivalent to the matrix  in the normal form.
Question: Find the rank of the matrix

A= 
by reducing it to normal form.
Solution:	Given that,

A= 





 ~	(R1R1 , R2R2 )




~	(R2R2-2R1, R3R3-R1, R4R4-R1)



~ 	(C2C2+C1, C4C4-3C1)


~ 	(R2R4)


~ 	(  R2(-1)R1  )


~ 	(R4R4-3R2)



~ 	(C3C3+C2, C4C4-C2)


~ 	(R1R3)





~ 	(C3C3 , C4-C4  )


~ 	(C4C4-C3)

Which is the normal form  . Hence rank of the matrix A = 3.

















	

6

oleObject1.bin

oleObject50.bin

oleObject51.bin

image43.wmf
2

1


oleObject52.bin

image44.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

0

0

0

0

0

0

0

0

1

1

1

0

1

3

2

1


oleObject53.bin

oleObject54.bin

oleObject55.bin

image45.wmf
0

ñ

r


oleObject56.bin

image2.wmf
)

(

A

r


image46.wmf
I

r


oleObject57.bin

image47.wmf
ú

û

ù

ê

ë

é

O

O

O

I

r


oleObject58.bin

image48.wmf
ú

û

ù

ê

ë

é

O

I

r


oleObject59.bin

image49.wmf
ú

ú

û

ù

ê

ê

ë

é

O

I

r


oleObject60.bin

oleObject61.bin

oleObject62.bin

oleObject2.bin

oleObject63.bin

oleObject64.bin

oleObject65.bin

oleObject66.bin

image50.wmf
n

m

´


oleObject67.bin

oleObject68.bin

image51.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

2

1

2

1

3

0

1

1

2

0

2

4

6

0

2

2


oleObject69.bin

image52.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

2

1

2

1

3

0

1

1

2

0

2

4

6

0

2

2


image3.wmf
)

'

(

A

r


oleObject70.bin

image53.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

2

1

2

1

3

0

1

1

1

0

1

2

3

0

1

1


oleObject71.bin

oleObject72.bin

oleObject73.bin

oleObject74.bin

oleObject75.bin

image54.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

-

1

1

1

0

0

0

0

0

5

0

3

0

3

0

1

1


oleObject76.bin

oleObject77.bin

oleObject3.bin

oleObject78.bin

oleObject79.bin

image55.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

1

1

1

0

0

0

0

0

5

0

3

0

0

0

0

1


oleObject80.bin

oleObject81.bin

oleObject82.bin

image56.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

5

0

3

0

0

0

0

0

1

1

1

0

0

0

0

1


oleObject83.bin

oleObject84.bin

image57.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

5

0

3

0

0

0

0

0

1

1

1

0

0

0

0

1


image4.wmf
ú

ú

ú

û

ù

ê

ê

ê

ë

é

7

5

3

4

3

2

3

2

1


oleObject85.bin

oleObject86.bin

image58.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

8

3

0

0

0

0

0

0

1

1

1

0

0

0

0

1


oleObject87.bin

oleObject88.bin

image59.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

8

3

0

0

0

0

0

0

0

0

1

0

0

0

0

1


oleObject89.bin

oleObject90.bin

oleObject91.bin

image60.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

0

0

0

0

8

3

0

0

0

0

1

0

0

0

0

1


oleObject4.bin

oleObject92.bin

oleObject93.bin

image61.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

0

0

0

0

1

1

0

0

0

0

1

0

0

0

0

1


oleObject94.bin

oleObject95.bin

image62.wmf
3

1


oleObject96.bin

oleObject97.bin

image63.wmf
8

1


oleObject98.bin

image5.wmf
7

5

3

4

3

2

3

2

1


image64.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

0

0

0

0

0

1

0

0

0

0

1

0

0

0

0

1


oleObject99.bin

oleObject100.bin

image65.wmf
ú

û

ù

ê

ë

é

O

O

O

I

3


oleObject101.bin

oleObject5.bin

image6.wmf
o

¹

-

=

4

3

3

2

2

1


oleObject6.bin

image7.wmf
\


oleObject7.bin

oleObject8.bin

image8.wmf
«


oleObject9.bin

image9.wmf
®


oleObject10.bin

image10.wmf
®


oleObject11.bin

oleObject12.bin

oleObject13.bin

oleObject14.bin

image11.wmf
B

A

R

~


oleObject15.bin

image12.wmf
B

A

C

~


oleObject16.bin

image13.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

0

0

0

0

0

8

1

0

0

0

5

0

1

0

0

4

7

3

2

1


oleObject17.bin

image14.wmf
ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

-

0

0

0

0

4

1

0

0

5

3

2

1


oleObject18.bin

image15.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

0

0

0

0

0

4

1

0

0

0

5

3

1

0

0

4

7

0

2

1


oleObject19.bin

image16.wmf
ú

û

ù

ê

ë

é

-

-

8

0

3

7

1

6

5

4


oleObject20.bin

image17.wmf
ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

-

2

6

3

1

2

4

1

3

0

1

2

1


oleObject21.bin

image18.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

-

-

-

1

1

1

0

1

1

0

1

1

3

1

2

1

3

2

1


oleObject22.bin

oleObject23.bin

image19.wmf
ú

û

ù

ê

ë

é

-

-

-

6

12

13

1

1

6

5

4


oleObject24.bin

image20.wmf
®


oleObject25.bin

image21.wmf
ú

û

ù

ê

ë

é

-

-

-

1

6

5

4

6

12

13

1


oleObject26.bin

image22.wmf
«


oleObject27.bin

image23.wmf
ú

û

ù

ê

ë

é

-

-

-

1

6

5

4

6

12

13

1


oleObject28.bin

image24.wmf
®


oleObject29.bin

image25.wmf
ú

û

ù

ê

ë

é

-

-

-

25

42

47

0

6

12

13

1


oleObject30.bin

image26.wmf
®


oleObject31.bin

image27.wmf
ú

ú

û

ù

ê

ê

ë

é

-

-

-

-

47

25

47

42

1

0

6

12

13

1


oleObject32.bin

image28.wmf
®


oleObject33.bin

image29.wmf
47

1


oleObject34.bin

oleObject35.bin

image30.wmf
ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

-

-

2

7

5

0

2

7

5

0

0

1

2

1


oleObject36.bin

image31.wmf
®


oleObject37.bin

oleObject38.bin

image32.wmf
ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

-

0

0

0

0

2

7

5

0

0

1

2

1


oleObject39.bin

image33.wmf
®


oleObject40.bin

image34.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

0

0

0

0

5

2

5

7

1

0

0

1

2

1


oleObject41.bin

image35.wmf
®


oleObject42.bin

image36.wmf
5

1


oleObject43.bin

image37.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

-

-

-

1

1

1

0

1

1

0

1

1

3

1

2

1

3

2

1


oleObject44.bin

image1.wmf
)

(

A

r


image38.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

-

-

1

1

1

0

2

2

2

0

3

3

3

0

1

3

2

1


oleObject45.bin

image39.wmf
®


oleObject46.bin

image40.wmf
®


oleObject47.bin

image41.wmf
ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

-

1

1

1

0

1

1

1

0

1

1

1

0

1

3

2

1


oleObject48.bin

oleObject49.bin

image42.wmf
3

1


